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Introdu
tion

A sequen
e X1,X2,X3, . . . of random variables is observed

sequentially, in a one-at-a-time.

We 
an make a de
ision based on previous history (stop, buy, repair

and so on).
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Some appli
ations

Medi
ine

By using an alarm system we 
an dete
t the start of an

epidemi
 (Andersson, 2003, Frisen, 1992)

Environment

We 
an analyse and 
ontrol biodiversity (Barnett, Turkman,

1992, Pettersson, 1998)

Testing 
limate regime shifts (Rodionov, 2004)

Finan
e

Early dete
tion of 
rises in e
onomi
s and �nan
ial systems

(Shiryaev, 1999, 2002)

Te
hnology

We 
an repair di�erent breakages in te
hnologi
al pro
esses as

soon as possible
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Statisti
al hypotheses

X1,X2, ...,Xt � ”in-
ontrol” with pdf f0(Xn|X1,X2, . . . ,Xn−1)

Xt+1, . . . ,Xn � ”out of 
ontrol” with pdf

f1(Xn|X1,X2, ...,Xn−1) 6= f0(Xn|X1,X2, ...,Xn−1)

H1 : t = k ≥ 0

a 
hange o

urs at time t = k ≥ 0

H0 : t = ∞

it means that there is never a 
hange
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Likelihood ratio

p(Xn|H0) =
n∏

j=1

f0(Xj |X1, . . . ,Xj−1),

p(Xn|H1) =

k∏

j=1

f0(Xj |X1, ...Xj−1)

n∏

j=k+1

f1(Xj |X1, . . . ,Xj−1), k < n.

Likelihood Ratio

LR =
n∏

j=k+1

f1(Xn|X1, ...Xn−1)

f0(Xn|X1, ...,Xn−1)
.
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Stopping time

A stopping moment with respe
t to {Xn}, n ≥ 1 is an

integer-valued r. v. T : ∀n, the event {T = n} depends solely on

the past observations {Xi}.

Evaluation:

qui
k dete
tion

few false alarms

Minimal expe
ted delay

for a �xed false alarm probability
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Shiryaev-Roberts pro
edure

The Shiryaev-Roberts pro
edure is given by the stopping time

SA = inf{n ≥ 1 : Rn ≥ A},

where

Rn = (1 +Rn−1)LR, n = 1, 2, . . . , R0 = 0

is the Shiryaev-Roberts statisti
,

A is a positive threshold, whi
h 
ontrols the false alarm rate.

Shiryaev A.N. The problem of the most rapid dete
tion of a disturban
e

in a stationary pro
ess. Dokl. Math., 2. 795�799 (1961)

Roberts S.W. A 
omparison of some 
ontrol 
hart pro
edures. Te
hnomet., 8.

411�430 (1966)
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CUSUM pro
edure

The stopping moment of the CUSUM pro
edure is de�ned by

CA = inf{n ≥ 1 : Wn ≥ A},

where

Wn = max{1,Wn−1}LR, n = 1, 2, . . . , W0 = 1

is the CUSUM statisti
,

A is a positive threshold, whi
h 
ontrols the false alarm rate.

Page E. S. Continuous Inspe
tion S
heme. Biometrika, 41. 100�115 (1954)
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Cross-Entropy method

The Cross-Entropy Method allows to estimate rare event

probabilities:

Estimate

P(S(X) ≥ γ)

X is random ve
tor, S is real-valued fun
tion on X.

Generate a random sample

Update the parameters of the sampling distribution on the

basis of the best s
oring samples

Rubinstein R., Kroese D. The 
ross-entropy method: a uni�ed approa
h to


ombinatorial optimization, Monte-Carlo simulation and ma
hine learning.

Springer-Verlag, New York (2004)
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Algorithm

Let v0 = u. Set τ = 1.

Generate a sample x1, ...., xM from g(·; vτ−1). Compute the

sample (1− ρ)-quantile γ̂τ . Cal
ulate

ŝτ =
1

M

M∑

i=1

I{S(xi) ≥ γ̂τ}W (xi;u; vτ−1),

provided this is greater than s, otherwise set l̂τ = l.

Use the same sample x1, . . . , xM to solve

max
v

1

M

M∑

i=1

I{S(xi)}W (xi, u, vτ−1) ln g(xi, v)

Denote the solution as v̂τ .

If l̂τ = l pro
eed to the next step. Otherwise let τ = τ +1 and

return to step 2.
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Last step

(a) Let τlast be the �nal iteration number. Generate a sample

x1, . . . , xNlast
from density g(·, v̂τlast) and take as estimator of

γ the smallest number γ̂ su
h that

1

Nlast

Nlast∑

i=1

I{S(xi) ≥ γ}W (xi, u, v̂τlast) ≥ l.

(b) Apply the bise
tion method.
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Examples

X1,X2, ... are independent and identi
ally distributed (i.i.d.) from

N(θ0, 1) before a 
hange-point. θ0 = 0

After a breakage

θ1 is the value of the mean of the normal distribution after


hange-point

Example 1

θ1 = 1

Example 2

θ1 is estimated from previous observations X1,X2, ...,Xn
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Parameters for the Cross-Entpory method

M = 1000

ρ = 0.1

Nlast = 10000

x ∼ N(10, 5) for an initial step

N1 is the number of simulations

N2 is the maximum number of steps
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Example 1. CPU time for di�erent simulation parameters for

CUSUM pro
edure

Table : CE-method

N1 10000 5000 2000 1000 500

N2 = 100 552.583 252.923 93.322 40.787 22.991

N2 = 200 1024.712 478.670 178.011 86.988 41.501

N2 = 300 1320.42 578.345 247.762 135.231 74.301

Table : CE-method + bise
tion

N1 10000 5000 2000 1000 500

N2 = 100 85.419 41.758 17.335 5.652 3.233

N2 = 200 174.182 79.835 33.116 11.762 5.339

N2 = 300 250.047 119.398 48.224 17.393 12.429

G.Sofronov, T.Polushina 14/22



Average run length as a fun
tion of A
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Example 1. CPU time for di�erent simulation parameters for

Shiryaev-Roberts pro
edure

Table : CE-method

N1 10000 5000 2000 1000 500

N2 = 100 472.873 372.746 88.735 36.493 30.031

N2 = 200 963.380 568.024 156.675 78.884 45.487

N2 = 300 1432.528 642.752 204.038 104.317 67.349

Table : CE-method + bise
tion

N1 10000 5000 2000 1000 500

N2 = 100 102.478 52.061 28.347 13.012 8.752

N2 = 200 179.394 91.495 38.126 22.070 13.739

N2 = 300 257.246 128.650 54.112 29.643 17.688
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Average run length as a fun
tion of A
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Example 2. CUSUM pro
edure
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Example 2. Shiryaev-Roberts pro
edure
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Con
luding remarks

Modi�ed 
ross-entropy method gives a gain in CPU time

The number of steps N2 should be large

We will 
onsider the qui
kest 
hange-point problem with a few


hange-points

Appli
ation for di�erent biologi
al data

Polushina T., Sofronov G. Change-point dete
tion in biologi
al sequen
es via

geneti
 algorithm. In: CEC 2011 IEEE Congress on Evolutionary 
omputation),

1966�1971 (2011)

G.Sofronov, T.Polushina 20/22



Referen
es

Andersson E. A monitoring system for dete
ting starts and de
lines of in�uenza

epidemi
s. Resear
h report. Göteborg University. 12 (2003)

Boys R. J., Henderson D.A. A Bayesian approa
h to DNA sequen
e

segmentation. Biometri
s 60, 573�588 (2004)

Frisén M. Optimal Sequential Surveillan
e for Finan
e, Publi
 Health, and Other

Areas, Sequential Analysis: Design Methods and Appl., 28:3, 310�337 (2009)

Page E. S. Continuous Inspe
tion S
heme. Biometrika, 41. 100�115 (1954)

Pettersson M. Monitoring a freshwater �sh population.Statisti
al surveillan
e of

biodiversity. Environmetri
s. 9, 139�150 (1998)

Roberts S.W. A 
omparison of some 
ontrol 
hart pro
edures. Te
hnometri
s,

8. 411�430 (1966)

Pollak M., Tartakovsky A. Optimality properties of the Shiryaev-Roberts

pro
edure. Statisti
a Sini
a, 1729�1739 (2009)

Rodionov S. A sequential algorithm for testing 
limate regime shifts.

Geophysi
al resear
h letters. V. 31. L90204 (2004)

Rubinstein R., Kroese D. The 
ross-entropy method: a uni�ed approa
h to


ombinatorial optimization, Monte-Carlo simulation and ma
hine learning.

Springer-Verlag, New York (2004)

Shiryaev A.N. The problem of the most rapid dete
tion of a disturban
e in a

stationary pro
ess. Dokl. Math., 2. 795�799 (1961)

Shiryaev A.N. Optimal stopping rules. Springer, New York (1978)

G.Sofronov, T.Polushina 21/22



Thank you!
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